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Singular Arcs During Aerocruise
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An indirect method is applied to the optimizationof aeroassisted plane-change maneuvers; the theory of optimal
control is used to � nd the control law that minimizes the propellant requirements. The switching function, which
rules the use of thrust, is analyzed to � nd the optimal strategy. In the case of aeroglide maneuvers, which perform
a nonpropelled atmospheric � ight, the results show that the trajectory is often suboptimal. The � nal mass can be
increased by performing an aerocruise maneuver, requiring the use of thrust inside the atmosphere. The use of an
intermediate thrust level is the optimalstrategy during this phase; the optimal control law for the thrust magnitude
during this singular arc is derived, and the optimal trajectory is found numerically. Aerocruise trajectories with
a singular arc are optimal in terms of propellant expenditure and present the additional bene� t that thermal and
dynamic loads are remarkably reduced relative to aeroglide maneuvers and are comparable to the loads of other
aerocruise concepts.

Introduction

L OW cost in space transportation is one of the keys to human
exploration and exploitation of space; aeroassisted transfers,

which use aerodynamic forces in synergy with propulsive forces,
are a promising means to perform several classes of orbit transfers,
as they can allow great propellant savings relative to all-propulsive
transfers.1 Since the pioneering work by London,2 a large number
of studies3 can be found in the literature, and only some indicative
references are given in the present paper.

One of the most interestingapplicationsof aeroassisted transfers
is the plane-change of an Earth orbit (synergetic plane change).
A distinction is made between two different strategies. Aeroglide
maneuvers exclude the use of thrust inside the Earth’s atmosphere;
as a quick turn is more ef� cient, the vehicle has to penetrate deeply
inside the atmosphere, thus producing high thermal and dynamic
loads. On the contrary, aerocruise maneuvers use thrust inside the
atmosphere and were originally proposed with the main objective
of reducing dynamic and thermal loads.

Even in the simplest case of aeroglide maneuvers, the problem
is complex, from a numerical point of view; the atmospheric por-
tion of the � ight is generally considered separately4 (and eventu-
ally coupled to the space portion5 ) or approximate analyses, based
on matched asymptotic expansions,6 are conducted. In a previous
paper7 the authorappliedoptimal control theory (OCT) to aeroglide
maneuvers with a particular indirect technique that allows one to
reduce the necessarysimplifyingassumptions.The switchingstruc-
ture was assigned, and the whole trajectory was split into arcs with
given control strategies; the optimal controls during each arc and
the boundary conditions at the arc junctions were derived. The
boundary-value problem arising from the application of OCT was
solvedby means of a procedurebased on Newton’s method.8 In par-
ticular, the thrust magnitude was ruled by the switching function, in
agreement with Pontryagin’s Maximum Principle; the analysis of
the resultsof the paper showed that, in certaincases[in particularfor
transfersbetweenLow Earth Orbits (LEOs)], the switchingstructure
was not optimal and performancecould be improved by using thrust
inside the atmosphere, i.e., with an aerocruise maneuver.

In the present paper the same optimization procedure is applied
to aerocruise transfers, while taking into account the requirements
of Pontryagin’s Maximum Principle and modifying the switching
structureaccordingly.This kind of mission has frequentlybeen con-
sidered in the literature, but attention was mainly directed to the
reduction of thermal loads. Theoretical and numerical dif� culties
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were overcome by means of simplifying assumptions concerning
the control strategy during the atmospheric pass. Several subopti-
mal strategies have been proposed: � ight at constant altitude and
velocity9 (i.e., with constant thermal load), � ight at constant alti-
tude only,10 and � ight with thrust to cancel drag.11 Attention is here
directed toward propellant usage, and no constraint on the � ight
pro� le is imposed; the trajectory that maximizes the vehicle � nal
mass is sought. For this purposean intermediate thrust arc (singular
arc) is necessary during the atmospheric � ight. Singular arcs have
already been considered for aeroassisted transfers; the necessity of
a singular arc has been found when a constant altitude cruise, with
thrust parallel to the vehicle velocity, is performed.10 More recently,
Ross12 has presented the necessary conditions for the optimality of
a singular arc in the case of � ight with thrust parallel to the velocity,
whereas no constraint was imposed on the altitude. In the present
papera new kind of aerocruisetrajectoryis considered.Both altitude
and thrust direction are free; the optimal control law for the thrust
magnitudeduringthe atmosphericpass and the necessaryconditions
for the optimalityof an aeroassistedtransfer that includesa singular
arc are derived. A numerical example for a plane change maneuver
is presented to illustrate the characteristicsof this new class of mis-
sion. A comparison with different aeroassisted trajectories is also
shown to highlight the bene� ts that can be obtained by using thrust
inside the atmosphere.

Statement of the Problem
The aeroassisted plane-change transfer between two orbits with

the same radius is consideredin the present paper.The vehicle is as-
sumed to be a point mass with varyingmass m; the vehiclemotion is
describedby the positionand velocityvectors (r and v, respectively)
in an inertial frame, with the origin at Earth’s center. The vehicle is
subject to the gravitational � eld g, thrust T, lift L, and drag D; the
equations of motion are

Çr = v (1)

Çv = g + T / m + D/ m + L/ m (2)

Çm = ¡ T / c (3)

where c is the effective exhaust velocity, considered to be constant.
As Earth’s rotationis taken into account,aerodynamicforcesdepend
on the relative velocity vrel = v ¡ ! £ r, where ! is Earth’s angular
velocityvector.To carry out the integration,the equationsof motion
are represented in a suitable reference frame.13 The position vector
is described by radius, longitude, and latitude in an inertial frame
based in the equatorial plane. The inertial velocity is expressed in a
topocentric reference frame by means of components in the zenith
(i.e., radial), east, and northdirections.All variableshavebeenmade
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Fig. 1 Sketch of the aerocruise maneuver.

nondimensionalby using Earth’s mean radius (6371 km), the corre-
sponding circular velocity (7.91 km/s), and the vehicle initial mass
m0 as reference values.

The trajectory is controlled by propulsion (i.e., by thrust magni-
tude and direction) and by aerodynamic forces. By introducing the
dynamic pressure q =0.5 q v2

rel (q is the air density), the reference
surface area S, and two nondimensionalcoef� cients, the magnitude
of lift and drag are expressed as L =qSCL and D =q SCD , respec-
tively. If the drag polar of the vehicleCD =CD(CL ) is assigned, lift
and drag magnitude are controlled only by the lift coef� cient CL .
The lift direction is controlled by banking the vehicle around the
relative velocity; the bank angle r is the angle between the lift vec-
tor and the (r, vrel) plane; it is positive if the vehicle is banked to the
left. Five control variables are used: the thrust magnitude and two
thrust angles (elevationand azimuth) to determine the thrust, the lift
coef� cient and the bank angle to determine the aerodynamicforces.

The procedure optimizes the trajectory, i.e., determines the con-
trols to maximize the � nal mass (the initial mass is unity); the atmo-
spheric pass is not separately considered, but the space and atmo-
spheric portions of the trajectory are simultaneously optimized. A
rather peculiar approach to the problem is adopted; the trajectory is
divided into arcs by assuming its switching structure, i.e., a suitable
successionof phases with assignedcontrol strategies; the switching
structure is then checked in light of Pontryagin’s Maximum Princi-
ple.

The aerocruise maneuver has been sketched (not to scale and in
the same plane) in Fig. 1. Each j th phase starts at point j ¡ 1 and
ends at point j . The optimal thrustmagnitudeand directionare used
duringeverypropelledphase.During the initialdeorbitphase, thrust
is used to reduce the periapsis in order to transfer the vehicle into
an orbit that intercepts the Earth’s atmosphere; a partial rotation of
the orbit plane is also performed in this phase. After a coast arc
(phase 2) the vehicle crosses the atmospheric boundary at point 2,
and atmospheric � ight with optimal lift coef� cient and direction
(phases 3, 4, and 5) follows. Phases 3 and 5 are nonpropelled, and
lift is banked in order to obtain a lift componentout of the trajectory
plane that changes the orbit inclination, whereas the in-plane com-
ponent controls the � ight altitude. These phases are joined by the
cruise phase, where thrust is used to recover the energy depletion
caused by drag but also (togetherwith lift) to change the orbit plane
and control the altitude. A coast arc (phase 6) follows the exit from
the atmosphere, and then the propelled reorbit phase (7) inserts the
vehicle into the � nal orbit; the rotation of the orbit plane up to the
required inclination is performed in this phase.

The problem is completed by the boundaryconditions,which are
the same as in the case of aeroglide maneuvers. At the initial and
� nal points ( j = 0, 7) the magnitudesof radius and velocity [r j = R
and v j =

p
(1/ R)] are assigned; for circular orbits rT

j v j = 0; the
inclination i j is assigned by posing Z ¢ (r j £ v j ) = j r j £ v j j cos i j

where Z is a unit vector parallel to the Earth axis; moreover, m0 = 1
and t0 =0 at the initial point. The radius magnitude is also imposed
at the atmospheric boundaries ( j =2, 5) r j = ra .

The propelled phases can also be modeled as impulsive ma-
neuvers; in this case, a discontinuity in the state variables takes
the place of the � nite-thrust arc ( j =0, 6): v j + 1 = v j + D v and
m j + 1 = m j exp( ¡ D v /c).

Optimization
To exploit OCT, an adjoint variable is associated to each differ-

ential equation, and the Hamiltonian is de� ned as

H = ¸T
r v + ¸T

v g + (T / m)SF + (qS / m)AF (4)

The thrust acceleration coef� cient

SF = ¸T
v T / T ¡ k m m /c (5)

is usually called the switching function; a similar coef� cient

AF = ¡ CD¸T
v vrel / vrel + CL ¸T

v L/ L (6)

is associated with the aerodynamic acceleration.
The time derivatives of the adjoint variables are given by the

Euler–Lagrange equations

Ç̧ T

r = ¡
@H

@r
= ¡ ¸T

v [G] ¡
S

m ( AF
@q

@r
+ q

@AF

@r ) (7)

Ç̧ T

v = ¡
@H

@v
= ¡ ¸T

r ¡
S

m ( AF
@q

@v
+ q

@AF

@v ) (8)

Çk m = ¡
@H

@m
= k v

T

m2
+ AF

qS

m2
(9)

where [G] =@g/ @r is the gravity-gradientmatrix.
According to Pontryagin’s Maximum Principle, optimal con-

trols maximize the Hamiltonian at each point of the trajectory.
Equation (4) is maximized if the thrust directionis parallel to the ve-
locity adjoint vector ¸v , the primer vector,14 which gives the thrust
angles.13 Equation (5) becomes

SF = k v ¡ k m m /c (10)

The Hamiltonian is linear with respect to the thrust magnitude T ;
maximumand minimum(i.e., null) thrust arcs alternateaccordingto
the sign of SF . Intermediate thrust arcs (singular arcs) might occur
only if SF is null during the whole arc, that is, if SF and its time
derivatives vanish. Maximum thrust is commonly used for deorbit
and reorbit phases4 ¡ 6; therefore, singular arcs are excluded during
� ightoutsidetheatmosphere.As far as thecruisephaseis concerned,
the problem was � rst analyzed by supposing a maximum-thrust at-
mospheric � ight; anomalies in the switching functionbehavior (that
is, the solutionviolatedPontryagin’s MaximumPrinciple) have sug-
gested the introductionof a singulararc. The nullityof the switching
function and its � rst time derivative ÇSF is enforced at the beginning
of the singular arc ( j =4). The thrust magnitude appears explicitly
in the second time derivative S̈F , and the optimal thrust magnitude
T ¤ can therefore be determined by nulling S̈F at each point of the
singular arc, as shown in the Appendix.

The optimal lift direction is also determined by the primer; the
Hamiltonian is maximized if lift is in the plane determined by the
relativevelocityandprimervectors.15 The optimalbankanglecanbe
explicitly obtained by posing @H / @ r =0 once the equations have
been represented in the aforementioned frames.13 By introducing
the angle d between Vr and ¸v , Eq. (6) takes the form

AF = ¡ CD k v cos d + CL k v sin d (11)

The optimal lift coef� cient is obtained by nulling the Hamil-
tonian partial derivative with respect to CL , that is, by posing
@AF /@CL =0; one obtains

@CD

@CL
= tan d (12)

A parabolic drag polar CD = CD0 + K C2
L is assumed throughout,

and the optimal lift coef� cient becomes

CL = tan d /2K (13)

The remaining boundary conditions are provided by OCT; ac-
cording to the adopted switching structure, the optimum conditions
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on the Hamiltonian and adjoint variables are obtained by means of
an almost mechanical application16 of general expressions that can
be found in OCT textbooks.17 At the initial and � nal point ( j =0, 7)
one obtains

¸T
r j v j

¸T
v j r j

=
v2

j

r 2
j

¸r j (rj £ v j )

¸v j (r j £ v j )
=

v2
j

r 2
j

ZT r j

ZT v j

(14)

The Hamiltonian must be null at the � nal point and continuous
at each internal point; these conditions are equivalent to nulling
the switching function when the engine is turned on and off and
state the continuity of the radius adjoint variable (which could be
discontinuous) at the atmospheric boundary. As the � nal mass is
maximized, k m7 =1 is also obtained at the � nal point. When an
impulsive burn is considered, the adjoint variables are continuous
but k m j + 1 = k m j exp( D v /c). The nullity of the switching function
at the extremities of the � nite-thrust arc is substitutedby the nullity
of SF and ÇSF at the impulse, which is parallel to the primer vector.7

The multipoint boundary-valueproblem is solved by means of a
procedure8 based on Newton’s method and summarized here . The
vector x includes state, adjoint variables, and unknown constantpa-
rameters (for instance, the time lengthof each phase). Once the opti-
mal controls are derivedas a functionof x, the differentialequations
reduces to Çx = f (x). The procedure searches for the initial value x0

that satis� es the boundaryconditionsÂ(s) = 0, where s includes the
variable values at all of the internal and external boundaries. The
problem is solved iteratively; a tentative vector of the unknown ini-
tial values x0 = p is assumed, and the error Â is calculated.At each
iteration p is modi� ed according to the linearized relation

D p = ¡ [ @Â

@p ]
¡ 1

Â (15)

to null the error on the boundary conditions; the matrix in Eq. (15)
is computed as a product of two matrices

[ @Â

@p ] = [ @Â

@s ] [ @s
@p] (16)

The sensitivity of the boundary conditions with respect to the vari-
able values at the boundaries [@Â / @s] is obtained by simple deriva-
tion; the sensitivity of the variable values with respect to the initial
values [@s/@p] is givenby the value (at the boundaries) of the matrix
that is obtained by integrating the homogeneous system

d

dt [ @x
@p] = [ @ f

@x ] [ @x
@p] (17)

Numerical Example
Aeroassisted transfers can provide the highest bene� t for plane-

change transfers between LEOs. The transfer from a direct equato-
rial orbit, with radius r = 1.1, to a 30-deg inclined orbit, with the
same radius, has been chosen to point out the characteristicsof the
aeroassisted transfer with a singular arc. The air density is approx-
imated by dividing the atmosphere into � ve intervals starting from
the Earth’s surface (junctionpoints occur at 25, 50, 75, and 100 km)
and by assuming, for each i th interval, an exponential relation

q = q i exp( ¡ ai h
bi ) (18)

in order to interpolate the U.S. Standard Atmosphere. The atmo-
spheric boundary is � xed at ra =1.02; the aerodynamic forces are
neglectedat higher radii. Impulsivemaneuvers,with the obviousex-
ception of the � nite-thrust singular arc, are assumed in the present
example. Vehicle characteristicstypical of aeroassistedtransfers4,18

are assumed and given in Table 1. For this maneuver the lift coef� -
cient never exceeds the maximum value CLmax ; this constraint is not
active, but it could be easily introduced7 if required for lower orbit
radii.

Figure 2 compares the switchingfunctionof the aeroglideand ae-
rocruisemaneuvers(full circlesindicate impulses,and empty circles
indicate the atmospheric boundary). The aeroglide transfer, which
presentsa reboostimpulse at the exit from the atmosphereto recover

Table 1 Vehicle characteristics

Quantity Value

Mass per unit surface (kg/m2), m0 / S 300
Minimum drag coef� cient, CD0 0.1
Induced drag factor, K 1.1̄
Maximum lift coef� cient, CLmax 0.9
Effective exhaust velocity (m/s), c 2927

Table 2 Maneuver comparison

zmin , qmax , hmax ,
Mission strategy m f km kN/m2 W/cm2

All propulsive 0.263 —— —— ——
Aeroglide7 0.391 44.0 48.3 158.1
Thrust-drag cancellation19 0.394 45.3 39.7 139.7
Aerocruise 0.427 52.8 15.7 91.7

Fig. 2 Switching function comparison.

the energy depletion caused by drag, is not optimal as SF becomes
positive during the nonpropelled atmospheric � ight. On the con-
trary, the aerocruise maneuver with the singular arc, which occurs
when SF =0, completely satis� es Pontryagin’s Maximum Princi-
ple.Therefore,it providesthemaximum� nal mass, as can be seen in
Table2, whichcomparesthe aeroglideand aerocruisetransfersto the
all-propulsivesingle-impulsemaneuver for the same plane-change.
Results corresponding to a maneuver with a cruise phase where
thrust cancels drag exactly19 are also shown. The � nal mass m f of
the aerocruise transfer is 9.3% higher compared to the aeroglide
maneuver (and 62% higher if compared to the all-propulsive ma-
neuver). However, one should also note the large decrease of dy-
namic and thermal loads; the maximum dynamic pressure qmax is
67.5% lower, whereas the maximum heat � ux hmax for a 1-m ra-
dius sphere, which is usually taken as a reference value, is 42%
lower (the heat � ux h has been computed by using the relation18

h = 3.08 £ 10 ¡ 4 q 0.5v3.08
rel , where h is expressed in W/cm2 , the air

density q in kg/km3 , and the relative velocity vrel in km/s).
Figures 3 and 4 compare the bank angle and lift coef� cient dur-

ing the atmospheric � ight (asterisks denote the extremities of the
singular arc). Time lengths are quite different because in the ae-
rocruise maneuver the vehicle follows a less steep trajectory (see
also Fig. 5) and stays in the atmosphere longer. In the example the
vehicle crosses the atmosphere while � ying from south to north,
and a positive bank angle increases the orbit inclination. For the
aeroglide maneuver r spans a larger range; during the initial phase
of the � ight, a lift component toward the Earth (r > 90 deg) is used
to take the vehicle to lower altitudes. Lift is then rotated outward
( r < 90 deg) to take the vehicle out of the atmosphere; for the same
purpose, a high lift coef� cient is required during this phase. On
the contrary, during the aerocruisemaneuver lift is more ef� ciently
used; the bank angle remains closer to 90 deg (i.e., the value for
which the whole lift is used to change the orbit plane), and CL re-
mains closer to the valuecorrespondingto the maximumlift-to-drag
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Fig. 3 Bank angle.

Fig. 4 Lift coef� cient.

Fig. 5 Altitude.

ratio C ¤
L . Only during the � nal phase of the atmospheric � ight does

it decrease to lower values. A large outward component of lift is
no longer necessary, as thrust can be used during the singular arc
to take the vehicle out of the atmosphere. Controls are continuous
at the singular arc extremities, whereas their time derivatives are
discontinuous.

Figures 5 and 6 show the history of the altitude z and the inclina-
tion i , respectively,during the atmospheric� ight.The rotationof the
orbit plane is obtainedin a similar way; at entry into the atmosphere,
the orbit inclination, which is obtained during the deorbit phase, is
about 0.7 deg. The curve slope progressively increases as the ve-
hicle penetrates more deeply into the atmosphere, and lift becomes

Fig. 6 Inclination.

Fig. 7 Thrust-lift misalignment.

larger because of the higher air density; for the aeroglide maneuver
the inclination at the atmosphere exit is 18.4 deg, and it increases
up to 29.3 deg during the reboost phase. The aerocruise transfer
presents similar features; a 17.2 deg orbit inclination is attained at
the beginning of the singular arc, but the plane-change is obtained
at higher altitudes by means of a more ef� cient use of the aerody-
namic forces. The same plane change as in the reboost phase of an
aeroglide maneuver is now obtained during the singular arc (the or-
bit inclination is 29.2 deg at its end and 29.3 deg at the atmosphere
exit) when thrust and lift are synergeticallyused to change the orbit
plane. The thrust contribution to the plane-changeis highlightedby
the increased slope of the inclination curve in Fig. 6. The singular
arc occurs after the vehicle has attained the minimum altitude and
when the maximum dynamic and thermal load have already been
reached; therefore, they are not affected by the velocity increase
because of the use of thrust.

The thrust direction is always parallel to the primer vector; thrust,
lift, and relativevelocityare thereforein the same plane.The angle d
between the thrust and relative velocity vectors is shown in Fig. 7,
as a function of time during the singular arc. The angle d is com-
pared to the angle of attack a , measured from the zero-lift direc-
tion [a linear relation CL =C 0

L a has been assumed for the sake
of simplicity; C 0

L =0.0205(±) ¡ 1 has been estimated according to
data provided in the literature9]. The angle g , which is the differ-
ence between d and a , represents the angle between the thrust and
the zero-lift direction, which is � xed with respect to the vehicle;
the small range between the maximum and minimum values that
g assumes (D g = 20.09 deg ¡ 15.22 deg = 4.87 deg) represents the
thrust-vectoringangle required to perform the present optimal aero-
cruisemaneuver.The thrustcomponentparallelto the relativeveloc-
ity T cos d , which recoversthe energydepletion,is always dominant
and increases, compared to the other components, as d decreases.
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Fig. 8 Optimal thrust magnitude.

The component T sin d sin r is used to increase the orbit inclina-
tion, whereas T sin d cos r (always in the outward direction) takes
the vehicle out of the atmosphere.

The use of thrust inside the atmospherepresents a twofold advan-
tage. Propulsion is used at low altitudes, where the vehicle velocity
is higher and the energy is increased more ef� ciently, and it allows
a better control of the atmospheric � ight compared to the aeroglide
transfer. The necessity of controlling the altitude without the aid
of the thrust imposes some constraints on the use of lift during the
aeroglide manuever, thus diminishing its performance. The useful-
ness of the thrust magnitude control is illustrated in Fig. 8, which
shows the optimal thrust T ¤ and the corresponding thrust accelera-
tion T ¤ / m during the singular arc. High thrust is used in the initial
phase to recover the energy depletion (with high ef� ciency because
the vehicle is at low altitude) and to change the orbit plane (the ve-
hicle is still in the proximity of the equator, where the plane change
is ef� cient); then the thrust magnitude decreases to avoid exces-
sive aerodynamicdrag; � nally it grows to higher values to complete
the energy recovery when the air density is lower, because of the
increased altitude.

Conclusions
An indirect method based on the theory of optimal control has

been applied to aeroassisted plane-change transfers between LEOs
to minimize the propellantrequirements.An appropriateuseof Pon-
tryagin’s Maximum Principle suggestswhen the use of thrust inside
the atmosphere is required, an aerocruise maneuver must be per-
formed; in this case the optimal strategy implies an intermediate
thrust arc (singular arc) during the atmospheric � ight; the corre-
sponding control law has been derived and successfully applied.
Results show that the aerocruise maneuver with a singular arc is
not only optimal in terms of propellant expenditure,but also signif-
icantly reduces thermal and dynamic loads compared to aeroglide
transfers by virtue of a more ef� cient use of lift, which allows one
to obtain the requiredaerodynamicplanechange at higher altitudes.

Appendix: Singular Arc
A vector formulation is adopted in the present Appendix; the

scalar expressions are extremely long and tedious and have been
omitted for the sake of conciseness.The � rst total derivative of the
switching function for the present autonomous problem

ÇSF =
@SF

@x
Çx +

@SF

@¸
Ç̧ (A1)

is obtained by using Eqs. (3), (8), and (9):

ÇSF = ¡ ¸T
r ¸v / k v ¡ (S/m)[q AF /c + (AF QT

v + qAT
v )(¸v / k v )] (A2)

where the vectors

QT
v =

@q

@v
AT

v =
@AF

@v
(A3)

have been introduced; analogously, by carrying out the derivatives
with respect to r and ¸v , the vectors Qr , Ar , and A k are de� ned.

The second derivative of the switching function can be similarly
obtained:

S̈F =
@ ÇSF

@x
Çx +

@ ÇSF

@¸
Ç̧ (A4)

The velocityandmass time derivativedependson the thrustT , which
therefore appears explicitly in the expression of S̈F . By separating
the gravitational and aerodynamic acceleration a0 from the thrust
acceleration

Çv = a0 + T / m (A5)

and by introducing the matrices

[Mr ] = AF
@Qv

@r
+ q

@Av

@r
(A6)

[Mv ] = AF
@Qv

@v
+ q

@Av

@v
(A7)

[M k ] = q
@Av

@¸v

(A8)

and the scalar quantities

BQ = QT
v (¸v / k v ) BA = AT

v (¸v / k v ) (A9)

CQ = BQ + (q /c) C A = BA + AF / c (A10)

one obtains

S̈F = K ¡ (S / m)(ST
r Çr + ST

v a0 + ST
k

Ç̧
v + ST T ) (A11)

where

K = ¡ ( Ç̧ T
r / k v )¸v ¡ ( Ç̧ T

v / k v )[¸r ¡ (¸T
r ¸v / k 2

v )¸v] (A12)

ST
r = CAQT

r + CQ AT
r + (¸T

v / k v )[Mr ] (A13)

ST
v = CAQT

v + CQAT
v + (¸T

v / k v )[Mv ] (A14)

ST
k = CQAT

k + (¸T
v / k v )[M k ] + (AF / k v )[QT

v ¡ BQ(¸T
v / k v )]

+ (q / k v )[AT
v ¡ BA(¸T

v / k v )] (A15)

ST = (1/ m){[(CA + AF / c)QT
v + (CQ + q /c)AT

v

+ (¸T
v / k v )[Mv ]](¸v / k v ) + (q AF / c2)} (A16)

By nulling S̈F , it is easy to obtain the optimal thrust magnitude
T ¤ during the singular arc:

T ¤ = (m K / S ¡ ST
r v ¡ ST

v a0 ¡ ST
k

Ç̧
v ) / ST (A17)

One should note that Eqs. (A13–A16) vanish in the absence of
aerodynamic terms; consequently, the denominator of Eq. (A17),
also vanishes thus justifying the exclusion of singular arcs outside
the atmosphere.
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